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Abstract
The spin-polarized ferromagnetic state of a cold Fermi gas is investigated for interacting and
non-interacting charge-neutral and β-equilibrated gases. The standard minimal couplings between
the magnetic field and the fermions’ charges and magnetic dipole moments define the fermions’
interaction with the magnetic field. Assuming a variable coupling strength between the magnetic
field and the fermion (baryon) dipole moments, it is shown that a ferromagnetized state can be
achieved that corresponds to a lower energy spin-polarized state with a magnetic field entirely due
to the gas’s magnetic response. We find that, depending on the density, a very large increase in
the baryon dipole moments is needed to achieve this ferromagnetized state. While the required
increase seems unlikely, the induced magnetic field is of the order ∼ 1017 gauss. Furthermore, while
externally magnetized Fermi gases have an anisotropic pressure, the pressure of the ferromagnetized
gas is completely isotropic and the thermodynamically preferred magnetized state.
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I. INTRODUCTION
The study of a highly magnetized Fermi gas, whether interacting or non-interacting,
finds application at all length scales: from relativistic heavy ion collisions to neutron stars.
Neutron stars are compact astrophysical objects consisting of matter at densities beyond
that of nuclear matter. These stars can also posses extremely strong magnetic fields and
the magnetic field can play a key part in the observational behaviour through its impact
on the star’s equations of state (EoS). Unfortunately the EoS is currently impossible to be
determine exactly since the neutron star interior cannot yet be directly probed. Models
for the neutron star EoS are based on that of dense matter systems with input from high
density nuclear experiments and neutron star observations [1–3].
The magnetic field breaks the spherical symmetry of the Fermi surface and thus in-
troduces an anisotropy in the pressure of the gas [4]. Whether and how this influences the
EoS has been a cause of debate [5–7]. The main point of contention seems to stem from
the treatment of the different contributions to the magnetic field, i.e. from the field H and
the magnetization M (see Section II A for further definitions of these quantities). However,
these influences on the EoS were clarified in Ref. [8], where the full derivations of most
magnetic properties and their relations to one another are given.
The magnetic response of the system in terms of a sustained, spin-polarized (ferro-
magnetic) state has been investigated at supranuclear densities since the late sixties [9–11].
While these initial studies did find a spin-polarized state in dense neutron matter likely, the
magnetic field’s contribution to the EoS was not included. Currently there does not seem
to be agreement over whether such a phase transition is possible in fermionic matter. Most
recently, it was argued that such a phase transition is excluded by the observed maximum
mass of neutron stars [12]. However, by the authors own admission, the influence of the
magnetic field was not included in their study, which could have an impact if there is a net
magnetization of the matter [12].
In this work the computation of the magnetic field is treated self-consistently, i.e. as
the solution of a self-consistency equation for a given value of H. For H = 0, the magnetic
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field is the result of a spin-polarized state of the gas only. This is similar to the system
that has been investigated in Refs. [11, 13], but in these studies the magnetic field was not
self-consistently generated. We show that in the case of the self-consistent ferromagnetized
state the pressure of the system is completely isotropic.
We describe systems of both neutral and charged fermions (in particular baryons)
interacting with a magnetic field under the condition of charge-neutrality as well as β-
equilibrium. These conditions are usually considered appropriate to describe dense nuclear
matter and neutron star matter [1]. To incorporate neutral fermions in magnetized matter
system Broderick et al. [13] included a coupling between the magnetic dipole moment and
the magnetic field. It was done to take into account the higher-order contributions to the
baryon dipole moments due to their internal structure. This coupling to the electromagnetic
field tensor F µν is referred to as the “anomalous magnetic moment” or “AMM”-coupling[37].
Charged fermions is coupled in the normal manner to the electromagnetic potential,
Aµ, as well as through the AMM-coupling. The AMM-coupling for leptons are excluded
since its impact has been found to be negligible [14, 15] and it is not expected to vary with
density since leptons are fundamental particles.
The way we investigate the ferromagnetic (spin-polarized) state is to consider the
variation of the AMM-coupling of protons and neutrons (fermions, in particular baryons).
At the free values of these AMM-couplings the magnetization of the baryon gas is very
small [13] and the influence on the EoS insignificant [16]. However, baryons are composite
particles and at high densities its internal dynamics may be altered, thus changing the
coupling strength of its AMM-coupling. Some indication of the medium effect on the
magnetic dipole moment could be gleamed from that of copper and nickel isotopes. Copper
has one proton outside the Z = 28 proton shell, while 56Ni is doubly magic. Experimental
investigations (summarized in [17]) of these isotopes’ magnetic moments shows considerable
variation. Copper, with an even number of valence neutrons, has shown an increase of
about 50% over a mass number range of 10 [18]. Since the Cu neutrons are paired, the
change in the dipole moment can be interpreted as the medium effects on the single proton’s
magnetic dipole moment.
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We do not claim that the calculated values of the baryon AMM-coupling for which
the spin-polarized state is stable (ferromagnetic), necessarily reflect the actual possible
variation of the baryon AMM-coupling with density. What we will present is a phe-
nomenological calculation of the value of the baryon AMM-coupling which would present
an energetically favourable lower energy state. We do this for both interacting and
non-interacting systems in order to establish general characteristics of such a system.
This work will build on the already established body of work in terms of the influ-
ence of the magnetic field on fermions, see [5, 8, 13, 19–22] and references therein. Most
elements that we discuss have been derived elsewhere. Our contribution is to consider the
conditions for a thermodynamical stable spin polarized ferromagnetic state in a cold (zero
temperature) Fermi gas [11, 19] and explore the implication of such a phase transition in
terms of the pressure of the Fermi gas. We argue that this is a significant consideration
when discussing magnetic systems like neutron stars, where the magnetic field must be
internal to the system. In Section III we apply our description of the ferromagnetic state
to a simple model of charge-neutral and β-equilibrated matter to investigate the possible
existence of a phase transition to the spin polarized ferromagnetic state. The results and
discussion are presented in sections IV and V.
The signature of the Minkowski metric, nµν , used is (+,−,−,−). Natural units,
~ = c = 1, are employed in conjuction with the Heaviside-Lorentz unit convention where
the permittivity of free space is 0 = 1, which differs from Gaussian units by a factor of
(4pi)−1[38].
II. FORMALISM
A magnetized Fermi gas is described by the following Lagrangian
L = ψ¯(x)
[
iγµ∂µ − qγµAµ − g
2
F µνσµν −m
]
ψ(x)− 1
4
F µνFµν (1)
where ψ is the fermion field operator, Fµν = ∂µAν(x)− ∂νAµ(x) is the electromagnetic field
tensor, and σµν = i
2
[γµ, γν ] are the generators of the Lorentz group. In this paper we will
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use convention of Ref. [23] for the γ-matrices (for the precise expressions of quantities and
their units in these conventions please see Ref. [24]).
The thermodynamic quantities of the system described by Eq. (1) have already
been derived and discussed in [5, 8, 20] and are given in terms of the grand potential Ω of
the system. For temperature T , volume V , and fermion chemical potential µ
Ω(B, µ, T ) = − lnZ
V β
, (2)
with β = (kBT )
−1 the inverse temperature times Boltzmann’s constant, and Z the grand
canonical partition function of the system. The various thermodynamic relations are [4, 25]
S
V
= −
(
∂Ω
∂T
)
µ,B
, ρ =
N
V
= −
(
∂Ω
∂µ
)
B,T
. (3)
A. Magnetic field nomenclature
Using the Heaviside-Lorentz unit convention the magnetic field will be described in terms
of the relationship
H = B −M or B = H +M , (4)
where M is the magnetization [4, 11, 13] or induced magnetic moment [19] of the Fermi gas
in response to the magnetic field. Unfortunately, there is little consensus in the literature
with regards to the naming convention of H and B.
In some instances H is described as the “magnetic field” [4], the “external applied
magnetic field” [5], the “magnetic field due to the free currents” [11], the “magnetic field
strength” [13], or the “impressed magnetic field” [19] . While B is given as the “magnetic
flux density” [4], the “magnetic induction” [11], the “resulting magnetic field” [19], or just
the “magnetic field” [20]. However, all agree on the relationship between H and B given
in Eq. (4). Physically H is the magnetic field that is externally applied to the system,
while B is the magnetic field experienced by the fermions. Thus, from Eq. (4), B also
includes the collective magnetic response of the gas and thus B would be the magnetic field
experienced by a single fermion. Hence B defines part of the fermion single particle energy
as well as the cyclotron frequency of the charged fermions, ωc = qB/2m [4].
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To avoid any confusion we will follow the convention of [26] and refer to H simply
as “H” and B as the “magnetic field”.
B. Gauge field, Aµ
All thermodynamic quantities of interest are related to the energy-momentum tensor,
T µν . Without loss of generalisation, the simplest way to derive T µν is in the rest frame of
the gas/fluid. This implies that, assuming a perfect conductor, the electric field in the gas
vanishes, leaving only the magnetic field [8].
Without further loss of generalisation, B is chosen to be in the z-direction, B = Bzˆ.
Correspondingly we will choose Aµ as
Aµ = (0, 0, Bx, 0), (5)
and this choice simplifies Eq. (1) to
L = ψ¯(x) [iγµ∂µ − qγµAµ + gΣ·B −m]ψ(x)− 12B2 (6a)
= ψ¯(x) [iγµ∂µ − qγµAµ + gΣzB −m]ψ(x)− 12B2 (6b)
where Σ = 12 ⊗ σ with 12 the 2 × 2 identity matrix and σ the Pauli matrices [24]. Since
∇ ·B = 0 from this point onwards we will express Eq.(4) as simply B = H +M .
The spectrum of the Hamiltonian of Lagrangian (6b) for neutral fermions is [13, 24]
ω(k, λ) =
√(√
k2⊥ +m2 + λgbB
)2
+ k2z , (7)
while for fermions with charge q
ω(kz, λ, n) =
√
k2z +
(√
m2 + 2α qBn+ λgB
)2
, (8)
where
• λ = ±1 distinguishes the different orientations of the fermion dipole moment,
• k2⊥ = k2x + k2y the momenta perpendicular to B,
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• kz is the momentum in the z-direction,
• α = sgn(qB), and
• n is an integer labelling the Landau levels, where
n =
(
n′ +
1
2
− α λ
2
)
with n′ = 0, 1, 2, 3... (9)
C. Grand potential Ω, pressure, and magnetization
For the zero temperature magnetized gas, there are two contributions to the grand po-
tential Ω: that of the matter (fermions) and that of the electromagnetic field. To make this
explicit we define
Ω(B, µ) = Ωf (B, µ) + ΩEM(B) (10a)
≡
∑
λ
∫
d3k
(2pi)3
{− ω + (ω − µ) Θ[ω − µ]}+ B2
2
. (10b)
Ωf (B, µ) is the contribution of the fermions [5, 20, 22], ΩEM(B) = 1/2B
2 the free magnetic
field contribution to Ω, and Θ is the Heaviside step function. The first term in the integrand
is the zero point energy and refers to the contribution of the vacuum. Its influence on
magnetized neutron matter has been investigated recently [22], but for the purposes of our
discussion here we will ignore the zero point energy and defer its possible influence to a
future investigation.
For charged fermions the integral over d3k needs be replaced by∑
λ
∫
d3k
(2pi)3
→
∑
λ,n
|qB|
4pi2
∫
(11)
to account for the discrete nature of the n filled Landau levels [13, 24].
The thermodynamic pressure in the system is given by P = −Ω. Since these are
scalars, there is no anisotropy in the (thermodynamic) pressure [4, 8]. However, there have
been considerable discussion regarding the influence of the magnetic field on the pressure,
since the magnetic field breaks the spherical symmetry of the Fermi surface [4–7]. According
to [8] the confusion arises since, while the thermodynamic pressure is isotropic, the energy-
momentum tensor is anisotropic. The presence of anisotropic shear stresses in the energy
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momentum tensor is inherent to the configuration of the magnetic field and not due to the
magnetic response of the gas. Since the equation of state of the magnetized system is the
quantity of interest in describing the magnetized gas, the effect of the magnetic field on the
energy-momentum tensor cannot be ignored and the pressure is considered as anisotropic
with a possible difference in the direction parallel and perpendicular to the magnetic field [8].
The longitudinal P‖ and transverse P⊥ pressures are given by [4, 5, 20]
P‖ = −Ω = −Ωf − 1
2
B2 (12a)
P⊥ = −Ωf −BM + 1
2
B2. (12b)
Hence the anisotropy between P‖ and P⊥ is
P⊥ − P‖ = B2 −BM = B(B −M) = BH. (13)
Finally, the magnetization of the Fermi gas M is given in terms of Ωf by [4]
M = −
(
∂Ωf
∂B
)
µ,T
. (14)
D. The H = 0 field configuration
It is important to realise that H can be zero, while M , and thus B, can be non-zero.
This is because H is generated externally by so-called free currents. In a para- or diamag-
netic system, the system responds to this external perturbation, H, through a non-zero
magnetization directed parallel or anti-parallel to H, respectively, and when H vanishes the
magnetization also vanishes. In a linear approximation the proportionality constant is just
the para- or diamagnetic susceptibility. In a ferromagnetic system, however, H can vanish
without M = B vanishing. In this case the magnetic field is therefore generated completely
internally. The latter is the case that interest us here. In what follows we therefore take
H = 0 and consider if M = B can be non-zero. To do this, we must set up the equation
that determines M = B when H = 0.
We start by considering the various thermodynamic quantities. The first quantity is
the grand canonical partition function, Ω (B, µ) at zero temperature given by (10b). As
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indicated, this is a function of µ and B. From this we have the thermodynamic identities
H =
(
∂Ω
∂B
)
µ,T
, M = −
(
∂Ωf
∂B
)
µ,T
, ρ = −
(
∂Ω
∂µ
)
B,T
. (15)
Next we make a Legendre transformation to the energy density, which is a function of ρ and
B:
 (B, ρ) = Ω (B, µ) + µρ. (16)
By subtracting B
2
2
on both sides, we can also write the fermion energy density
f (B, ρ) = Ωf (B, µ) + µρ. (17)
We then have the thermodynamic identities
H =
(
∂
∂B
)
ρ,T
, M = −
(
∂f
∂B
)
ρ,T
, µ =
(
∂
∂ρ
)
B,T
. (18)
Finally, we introduce the Gibbs free energy density, which is a function of ρ and P
G (ρ, P ) =  (B, ρ) + P = µ (ρ, P ) ρ, (19)
where we used P = −Ω. Note that since ρ and P are intensive, µ can be a function of both.
We have the thermodynamic identity
µ =
(
∂G
∂ρ
)
P,T
. (20)
Although G has no explicit dependence on B, it can have an implicit dependence via the
dependence of ρ and P on B. In the case of constant density and temperature, we then have
H = −
(
dG
dB
)
ρ,T
. (21)
At H = 0, we have the conditions(
∂Ω
∂B
)
µ,T
=
(
∂
∂B
)
ρ,T
=
(
dG
dB
)
ρ,T
= 0. (22)
This is the self-consistency equation that needs to be solved for M = B and the ex-
istence of a non-trivial solution determines if a ferromagnetic phase exists or not. In
particular note that this corresponds to minimising the Gibbs free energy with respect to
M at fixed density and temperature, thus this is also thermodynamically the preferred state.
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The explicit form of this self-consistency equation for M can be derived from (18)
and (10b)[13, 24]
M = B = − ∂
∂B
∑
λ
∫
d3k
(2pi)3
ωΘ[ω − µ] (23)
It is important to note from (13) that since H = 0, the pressure is isotropic.
III. FERROMAGNETIC FERMI GAS
To be able to compare results for the interacting and non-interacting Fermi gasses,
we restrict our description of ferromagnetizm to a gas of neutrons, protons, electrons,
and muons. At supranuclear densities the Coulomb repulsion could disrupt the system,
thus the interacting gas will be investigated under the condition of charge-neutrality
and β-equilibrium. Electrons and muons are thus also included. For full details of this
interacting model and the associated calculations, see Ref. [24].
To investigate the H = 0 interacting Fermi gas, we consider relativistic mean-field
(RMF) models for nuclear matter. These models are based on a quantum field theory where
protons and neutrons interact via the exchange of various mesons. These models have been
used to describe nuclei and nuclear matter, as well as the neutron star equation of state
[27]. We consider different parametrizations for the meson coupling constants, NL3 [28],
FSU [29], and FSU2 [30], where the meson couplings have been fitted to different nuclear
and/or neutron star properties.
From Eq.(23) and keeping in mind Eq.(11) there are two possible contributions to
M : one that goes like the AMM-coupling g and another (for charged particles only) that
goes like the charge q. The latter relates to the Landau levels populated by charged
fermions. While its effect was explicitly included in all calculations, for a charge-neutral
Fermi gas its contribution to M is small. Hence for our discussion of the ferromagnetic
field, we will thus focus on the contribution that is related to the AMM-coupling g.
Under normal conditions the proton and neutron dipole moments, in units of the
nuclear magneton µN, are gp = 2.793µN and gn = −1.913µN respectively [31]. In [24] it is
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shown that to reproduce these values of the dipole moments, the AMM-couplings gn and gp
must be equal to
gp = −0.793
2
µN = g
(0)
p and gn =
1.913
2
µN = g
(0)
n . (24)
Here it should be kept in mind that the sign is fixed by the choice of the sign of the AMM-
coupling in (1). Furthermore it should be noted that for the proton a contribution of 2µN to
the magnetic dipole moment comes from the standard qγµAµ coupling in (1) for a charged
particle, which of course is absent for neutral fermions (see [24] for the full calculation). The
additional contributions to the point particle, quantum uncorrected values of gp = 2µN and
gn = 0, stems from the baryons’ finite size and internal charge distributions and currents.
Since the baryons’ charges are fixed, any increase in its dipole moments must be caused by a
change in its internal dynamics. In our formalism the strength of the baryon AMM-coupling
can be adjusted by a factor of x by changing gn and gp to [24]
gn = x
1.913
2
µN = xg
(0)
n and gp = −
2.793x− 2
2
µN = xg
(0)
p . (25)
In addition to its density dependence, the possible isospin dependence of the baryon mag-
netic dipole is also not known. Since the baryons have a similar three quarks substructure,
we make the simplest assumption to investigate the phase boundary; namely that both
baryon dipole moments will change by the same factor. However, we do not expect the
existence of the phase transition and the qualitative features of the neutron star matter
equation of state to depend sensitively on the isospin dependence of the magnetic dipole
moment. We should point out that by increasing the dipole moments symmetrically using
(25), the 2 : 3 ratio of the dipole moment strengths is also preserved.
From [24] the energy density of magnetized neutron star matter, which is dependent
on B and the total baryon density ρb = ρp + ρn, is
f (B, ρb) =
∑
λ,n
|qpB|
4pi2
∫
ωp(kz, λ, n)Θ
[
ωp − µp
]
dkz +
∑
l,λ,n
|qlB|
4pi2
∫
ωl(kz, λ, n)Θ
[
ωl − µl
]
dkz
+
∑
λ
∫
dk
(2pi)3
ωn(k, λ) Θ[ωn − µn] + Uint, (26)
where Uint are nucleon-meson interactions of the different RMF parametrizatons. The
densities and Fermi energies of the various particles are established by imposing the
11
1.0 ρ0
2.0 ρ0
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4.0 ρ0
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B [1017G]
ϵ(B)-
ϵ(0)[M
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·fm-3
]
FIG. 1: The energy density relative to its value at B = 0 i.e. (B, ρb)−(0, ρb) of a non-interacting
neutron gas as a function of B for particle densities at different multiples of the nuclear saturation
density, ρ0. For these plots the value of the neutron AMM-coupling is taken to be gn = 30 g
(0)
n .
Since H = 0 the magnetic field M = B 6= 0 is given by B at the energy density minimum of the
various plots (22).
condition of charge-neutrality and β-equilibrium on the system. These are ρp = ρe + ρµ and
µn = µp + µe respectively. Muons are assumed to populate the system when the electron
chemical potential is larger than the muon rest mass, µe > mµ, after which the condition
µµ = µe is also imposed.
For H = 0 the ferromagnetic B is given by M = B = − d
dB
f (B, ρb). The phase
boundary was calculated by adjusting gp and gn using (25) till M = B 6= 0.
IV. RESULTS
Qualitatively the origin of the M = B 6= 0 state is the magnetization induced by the
asymmetric filling of the energy levels corresponding to different orientations of the fermion
magnetic dipole moment. These different orientations we denote by λ in the single particle
energies Eqns (7) and (8). From (7) and (8) m ± gB are the lowest energy fermion states.
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]
FIG. 2: Equation of state for non-interacting (“Free”) neutron gas and neutron gases interacting
with the coupling strengths of the RMF parameter sets.
For one choice of λ (depending on sgn(gB)) lower energy states can be populated for
increasing B, thus lowering the f (B, ρ) while creating an asymmetric filling of different λ
states.
Since µ is independent of λ, it is the low energy assymetric filling that causes the
magnetization. However, 2 |gB| needs to be large enough so that the induced magnetization
can sustain the ferromagnetic field, i.e. M = B 6= 0. Also, since (B, ρ) ≤ (0, ρ), the
reduction in f (B, ρ) has to be greater than that what is gained by  = f (B, ρ) + 1/2B
2 due
to the contribution by ΩEM for the ferromagnetic state to be stable. Thus we increased g at
multiples of its value at normal densities using (25) until the condition of (B, ρ) ≤ (0, ρ)
is satisfied. Fig. 1 shows the behaviour of (B, ρ) for a non-interacting neutron gas with
gn = 30 g
(0)
n .
The EoS of the gas is defined by the relationship between P and . The rate at
which the pressure increases is an indication of how compressible the gas is: for a “stiff”
EoS P increases more rapidly with  than for a “soft” EoS. The EoS for the interacting and
non-interacting gasses at the phase boundary are plotted in Fig. 2. In a non-interacting gas
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20
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40
50
60
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g n
/g n(0)
Magnetized
Unmagnetized
FIG. 3: Spin-polarized ferromagnetic phase boundary (M = B 6= 0) for pure neutron matter
indicated in multiples of the neutron AMM-coupling as a function of the number density (as
multiples of the nuclear matter saturation density) for the indicated interacting and non-interacting
systems.
of neutrons and/or protons these finite-size nucleons are treated as point particles which
are very compressible. Hence, more fermions can be contained in a volume element, thus
the effect of the asymmetric filling of low energy states (magnetization) would be most
pronounced for a non-interacting gas. Therefore, the non-interacting gas would transition
to the ferromagnetized state for the smallest multiple of g. The phase boundaries for a gas
of neutrons are shown in Fig. 3.
The EoS is also softened by the inclusion of more particles. Thus it is expected
that for a charge-neutral β-equilibrated gas (with protons, neutrons and leptons) the
multiples of g that define the phase boundary will decrease compared to the neutron gas.
This is indeed the case as is shown in Fig. 4.
The isospin dependence of the baryon dipole moments is not known. However, the
phase transition occurs independently of isospin dependence. In Fig. 5 the phase boundary
is shown for a charge-neutral, non-interacting gas of protons, neutrons, and leptons as a
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Free
NL3
FSU
FSU2
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0
10
20
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50
60
ρ/ρ0
g b
/g b(0)
Magnetized
Unmagnetized
FIG. 4: Spin-polarized ferromagnetic phase boundary (B = M 6= 0) for charge-neutral, β-
equilibrated matter in multiples of the nucleon (baryon) AMM-coupling as a function of the number
density (as multiples of the nuclear matter saturation density) for the indicated interacting and
non-interacting systems.
1.5 ρ0
2.0 ρ0
2.5 ρ0
3.0 ρ0
3.5 ρ0
0 20 40 60 80 100
18
20
22
24
26
28
30
32
Proton fraction (%)
g/g(0
)
FIG. 5: Ferromagnetic phase boundary for a non-interacting charge-neutral gas for different
multiples of the nuclear saturation density ρ0. The “proton fraction” is the fraction of the proton
density as a percentage of the total baryon density.
15
Free neutrons
Free β
Interacting neutrons
Interacting β
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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B
[1017
G
]
FIG. 6: The ferromagnetic fields for non-interacting (free) neutron gas (“Free neutrons”), non-
interacting charge-neutral β-equilibrium (“Free β”) gas both for which g = 30g(0), interacting
(FSU parameter set) neutron gas (“Interacting neutrons”) with g = 45.75g(0), and interacting
(FSU parameter set) charge-neutral β-equilibrium gas (“Interacting β”) with g = 33.5g(0).
The values of g were chosen to best fit the plot. The stepwise nature of the multi-fermion gases
are due to the depopulation of Landau levels as B increases.
function of the proton fraction of the total baryon density.
Fig. 1 indicates that, at a fixed value of the AMM-coupling, the ferromagnetic field
M = B increases with density. In Fig. 6 the variation of B is shown as a function of density
for free and interacting neutron gases, as well as β-equilibrated interacting matter for fixed
values of g. In each instance the ferromagnetic field is of the order of 1017 gauss.
The presence of the magnetic field also influences the EoS. Fig. 7 shows the EoS of
the same systems as in Fig. 6 and compare their respective EoS with their B = 0
counterparts. For the non-interacting gases the softening of the EoS shown is quite
dramatic in the ferromagnetic state. However, it should be noted that for non-interacting
gases the fermions are treated as idealised point particles which are very compressible.
Hence the softening is much more pronounced than for interacting gases where the short
16
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FIG. 7: The EoS for non-interacting (free) neutron gas (“Free neutrons”), non-interacting charge-
neutral β-equilibrium (“Free β”) gas both for which g = 30g(0), interacting (FSU parameter set)
neutron gas (“Interacting neutrons”) with g = 45.75g(0), and interacting (FSU parameter set)
charge-neutral β-equilibrium gas (“Interacting β”) with g = 33.5g(0). The solid lines represent the
B = 0 values, while dashed lines give the respective B = M 6= 0 behaviours (plotted for each case,
but not necessarily visible). When the phase transition occurs the EoS softens (dashed lines). For
the non-interacting gasses the effect is very drastic since free fermions are treated as idealised point
particles. For interacting systems the softening is almost indistinguishable, since the short range
repulsive interaction prevents the drastic softening observed in the non-interacting systems.
ranged repulsive interaction prevents extreme compression and thus the severe softening
of the EoS. For the interacting gases shown in Fig 7 the softening occurs, but is almost
indistinguishable from the B = 0 case when both are plotted.
V. DISCUSSION
The conditions under which H = 0 were investigated for charge-neutral interacting
and non-interacting Fermi gases, in particular gases consisting of nucleons (protons and
neutrons) and leptons (electrons and muons). It was established that the magnetization M
of the gas could be such that M = B 6= 0. However, this requires a significant increase in
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the strength of the nucleon AMM-coupling to the magnetic field. The strong values of the
AMM-coupling needed makes it clear that the ferromagnetic phase transition would be a
high energy/density effect. Its occurrence is dependent on whether this is the most effective
mechanism for such a system to lower its energy.
The mean multiple of g(0) required for the phase transition is around 40. This rep-
resents an significant increase in the magnetic field’s contribution to the fermions’ energies.
As a fraction of the nucleon rest mass, g(0) is about 1%. For g = 40g(0), this fraction goes
up to 25% of the nucleon rest mass. Thus the energy contribution to nucleon single particle
energies ω (Eqns 7 and 8) is of the order of the rest mass. Given the mechanism explained
in Sec. IV, this increase should not be unexpected, however, physically it seems unrealistic
that this would occur.
While still significantly large, it was demonstrated that for a softer EoS the phase
transition occurs at lower multiples of g(0). The introduction of more fermions to the system
softens the EoS. While only nucleons were considered here, it is accepted that at higher den-
sities various exotic particles like hyperons or even quark matter states can be populated [1].
Additionally, it was shown that the isospin dependence of the ferromagnetic phase
transition favours larger proton fractions, which can decrease the AMM-coupling by more
than 20%. While this type of matter is not in β-equilibrium, it is charge-neutral. While
the Coulomb repulsion will destabilise any dense nuclear matter system, β-equilibrium is
imposed since free neutrons have a limited lifetime [1]. Hence, due to frozen in fractions,
the gas might not be in β-equilibrium, which would favour the phase transition.
Since our calculation is not concerned with the density dependence of the baryon
AMM-coupling it cannot determine whether a ferromagnetic phase transition will take
place, but can only explore the characteristic of such a system. One way to better
estimate how the baryon’s properties might change with density could be to calculate it us-
ing chiral soliton models or the MIT-bag models. Such a calculation is one of our future aims.
If the ferromagnetic phase boundary is crossed the resulting magnetic field is of the
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order of 1017 gauss. These field strengths are comparable to those inferred to be present in
the interior of highly magnetized neutron stars known as “magnetars” [32, 33]. Based on
our results the presence of a ferromagnetic phase will certainly indicate the preference for a
softer EoS. The recent discovery of a neutron star whose mass is more than double that of
our sun would appear to rule out soft equations of state. However, this star is not classified
as a magnetar [34]. Magnetars are characterized by their X- and/or γ-ray emissions which
are indicative of their strong magnetic fields, but very little is observationally known about
their masses and EoS [35].
We showed that in the case of the ferromagnetic field, there is no anisotropy in the
pressure, which could be used as a way to discriminate observational results. Unfortu-
nately our calculation is not sophisticated enough to be applied directly to the magnetar
interior. In order to do that the boundary conditions on the electromagnetic field needs
to be incorporated and considered. Furthermore, mechanisms to generate the long-range
correlation between dipole moments necessary for a global ferromagnetic phase also have to
be included. This is the focus of our future research.
VI. CONCLUSION
We investigated magnetized Fermi gases where the magnetic field is not externally
applied to the gas, but internally generated in a self-consistent manner that minimizes
the Gibbs free energy of the system. We computed the ferromagnetic phase diagram for
charge-neutral, β-equilibrated interacting and non-interacting Fermi gases as a function
of the strength of the baryon AMM-coupling and the total baryon density. We correlated
the behaviour of the phase boundaries to that of the equation of state. While our results
suggests that the ferromagnetic phase could be ruled out for nucleonic matter, there are
indications that the phase could be more plausible in more exotic Fermi gases/dense
matter systems. Furthermore, relating the properties of ferromagnetized neutron star
matter equation of state to magnetar interior and calculating its observational impact could
provide insight into its possible occurrence.
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